Different formulations may be found in the literature for the numerical simulation of layered soils. Among these options, the boundary element method (BEM) detaches because it requires only the boundary discretisation of the infinite domains involved. The classical way of simulating infinite layered solids with the BEM is by imposing equilibrium and displacements compatibility along the contacts. There is, however, an alternative technique which is more accurate because it does not impose these conditions along the interfaces. In this alternative technique, the regions displacement fundamental solutions are related and for each equation all domains are considered as a unique solid. In this chapter, it is demonstrated that this alternative formulation is suited for the simulation of layered soil problems, representing such media as an infinite solid composed of different homogeneous, isotropic and elastic linear domains in contact. In the end of the chapter, this formulation is employed in a threedimensional problem, comparing the results with the classical technique and with an analytical solution.
Introduction
one may observe that the mathematical models employed for the structures are closer to reality than the ones used for the soil. This discrepancy is due to the type of materials involved in each case. While structural materials, such as concrete and steel, are produced with some type of technological control, the soil materials are formed due to various conditions of weathering in rocks. The result is a chaotic media where the characteristics are difficult to be numerically modelled, including discontinuities, heterogeneity and anisotropy.
Due to these factors, it is necessary to assume simplifications in order to make possible a numerical simulation of layered soil problems with reasonable time processing. In this chapter, the main simplifications adopted are:
•Representing the soil as an infinite domain in radial directions;
•Considering the soil as a composition of homogeneous, isotropic, and linear elastic domains; •Considering only the static case.
In this case, the problem comes down to the static analysis of infinite multiregion domains. Focusing this theme, many formulations are available in the literature and each one of them implies on advantages and disadvantages. However, depending on the problem to be solved, one technique may become more attractive than the others.
When it is possible, a good choice is to employ analytical solutions. When correctly programmed, they give trustful results in little processing time. In reference [1] , for example, an analytical expression is deduced for a circular load applied to the surface of a two-layer infinite domain. The main disadvantage of these solutions is that they are not versatile, suiting only specific situations.
If analytical solutions can not be used, then a numerical approach may become attractive. Although the finite element method (FEM) is popular, it has some disadvantages compared with other options such as the boundary element method (BEM). The FEM requires the discretisation of the infinite domain, implying on a high number of elements and leading to a large and, sometimes, impracticable processing time. In order to reduce these inconveniences, some authors use infinite elements together with finite elements, as done in reference [2] .
The main advantage of the BEM is that only the boundaries of the domains involved require discretisation. This allows reducing the problem dimension, implying on less processing time. This advantage is explored in several works, and more developments are turning the BEM even more attractive to future applications. One of them is using infinite boundary elements, as performed in reference [3] .
To consider two or more domains in contact with the BEM, several techniques may be employed. The most popular one, which may be consulted in reference [4] , is based on imposing equilibrium and compatibility conditions for all interface points between every pair of domains in contact. Using these relations, the matrices obtained for each domain applying the BEM formulation are coupled and all the unknown boundary values may be obtained by solving the same system of equations. In spite of its simplicity, one disadvantage of this formulation is that the final system of equations has blocks of zeros. These blocks can become numerous depending on the number of domains considered, increasing the size of the system and consequently the processing time. In addition to that, the conditions imposed on the contacts do not represent satisfactorily the media continuum, what may cause inaccuracies on the results.
The multi-region method presented in reference [5] for two-dimensional elastic and potential problems eliminates the need of equilibrium and compatibility conditions among the interfaces. This approach improves the media continuity compared with the classical formulation, leading to more accurate results. This technique is modified in reference [6] for bending plate analysis with the BEM, latter used for bending moments calculation in [7] and finally adapted for three-dimensional elastic problems in reference [8] .
The aim of this chapter is to present this alternative multi-region BEM technique, which is suitable for layered soil problems. The soil is represented as a multi-region media, similar to the Gibson soil approach. In such a way, the domain is modelled with variable elasticity module and a constant Poisson ratio, which may be considered a disadvantage in certain cases. Nevertheless, by testing this formulation in problems with different Poisson ratios, one may verify that the error introduced by an average Poisson ratio consideration may be considered of little relevance for displacement calculation. In the end, it is viable to employ this formulation in more general problems.
Alternative multi-region formulation
In Figure 1 , a homogeneous, isotropic and linear elastic domain Ω is presented.
The boundary is denoted by Γ , E is the elasticity module and ν is the Poisson ratio. Point x is called 'field point', and represents a general point of Γ . Point y is called 'source point', and can be placed in any point inside Ω , outside Ω or at the boundary Γ . Versor η is normal to Γ at x , and r is the distance between points x and y . The equilibrium of this solid body can be represented by a boundary integral equation called Somigliana identity, which for homogeneous, isotropic and linear-elastic domains is: [ ]
(
In eqns (2) and (3), ij δ is unitary for i j = and zero for all other cases, η is the normal versor at point x (see Figure 1 ) and µ is given by:
The objective is to obtain an integral equation similar to eqn (1), but valid for an arbitrary number of domains in contact. In such a way, a demonstration will be held for the most simple case, with only two regions as illustrated in Figure 2 , and the resulting expression will then be extended for an arbitrary number of domains.
In Figure 2 , the regions have the same Poisson ratio ν and different 
In such a way, the fundamental solutions may be related as follows:
where
One may observe in eqn (3) that the traction fundamental solution does not depend on the elasticity module, except when it is the same for domains 1 Ω and 2 Ω . Thus, Kelvin traction fundamental solution may be represented as * ij p for both domains. Considering region 1 Ω as a reference, the deduction is started by writing the Somigliana identity, represented in eqn (1) . In order to reduce the expressions, the variables in parenthesis will be suppressed. In such a way: 
Some terms of eqn (14) 
The two integrals added inside the parenthesis are equal to zero for the same reason that eqn (15) is zero. One more simplification is possible on the right side of eqn (14) by substituting eqn (9) in one more term, as shown below:
After these deductions, eqns (15)- (17) 
Reorganising the terms, the following equation is obtained: 
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In eqn (25), the second summation signal is positive because the integration direction was changed from nm Γ to mn Γ . The total number of domains is nd , www.witpress.com, ISSN 1755-8336 (on-line) the number of contact boundaries is nc and the number of external boundaries is ne . The first summation represents the coefficient ( ) ij c y of eqn (1). Before calculating it, all coefficients ijs c , one for each domain, must be known. Considering all boundaries smooth in Figure 2 , Table 1 presents some examples for this summation calculation.
Equation (1) is used as a starting point to obtain the BEM system of equations which solution leads to the unknowns of the problem. If the same steps are repeated for eqn (25), valid for multi-regions, a similar system of equations is obtained. The unknowns of this new system are the non-prescribed boundary values plus the interface displacements. The total number of unknowns is reduced compared with the classic multi-region technique, once the interface tractions are not included in this case. This justifies why the alternative formulation leads to less time processing. A better interface continuity is also guaranteed, once all regions are modelled as a unique solid.
Results
This example aims to analyse an infinite multi-region domain problem with the alternative BEM technique. The domain considered is composed by two layers of different elasticity module, as illustrated in Figure 3 . This problem was simulated using a 153 node and 288 boundary element mesh, which may be visualised in Figure 4 . It is composed by triangular elements with linear shape functions. Figure 4 (a) presents a general view of the mesh and Figure 4 (b) presents a detail of the central area. This mesh is employed at the surface and at the layers contact, extending to a distance from which the displacements and tractions could be considered negligible. For the nodes positioned at this limits, the boundary values are imposed to be zero to better simulate their far field behaviour. Hence, it was considered not necessary to close the boundary at the limits. As commented in the introduction of this chapter, in reference [1] , an analytical solution is deduced for a circular load applied to the surface of a two-layer infinite domain. Using the values adopted in this example and applying the solution given in reference [1] , a 25000×10 −3 m vertical displacement is obtained for the central point of the circle. Considering this same point, a 25010×10 −3 m displacement was obtained using the classical formulation with the mesh of Figure 4 . Employing the alternative technique and the same mesh, a 25033×10 −3 m vertical displacement was obtained. Both values numerically calculated may be considered very close to the analytical one, leading to the conclusion that both formulations achieved accurate results in this example.
Conclusions
In this chapter, an alternative BEM formulation suited for layered soil problems was presented. Electing one domain as a reference and establishing relations between its displacement fundamental solution and the ones of the other regions allows integrating all domains as a unique solid. This approach eliminates the need of equilibrium and compatibility relations between the different media, guaranteeing a better continuity along the interfaces. This reduces possible inaccuracies that may occur due to traction approximations along the contacts. A numerical example was presented, in which a two-layer half space was simulated employing the classical and the alternative formulations. The values obtained were compared with an analytical expression. The numerical results were very close to the analytical one, meaning that both techniques were accurate. These low errors were expected, once the problem analysed may be considered simple.
